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1. Introduction – We consider a Keller-Segel type chemotaxis model with logarithmic sensitivity and 

logistic growth. This is a 2x2 system of partial differential equations, describing the interaction of cells and 

a chemical signal. In addition to the logarithmic chemotactic response of cells to the chemical signal, some 

or all of the following mechanisms are included in the model: random walk/diffusion, 

consumption/deposition of the signal by cells, and the logistic growth of cells. 

 

The logarithmic singularity in the system can be removed via the inverse Hopf-Cole transformation [1]. 

The resulted system is one of hyperbolic-parabolic balance laws, and fits in a general framework proposed 

and studied by the first author in a sequence of recent papers [2,3] and preprints. If we study the model for 

the Cauchy problem where the Cauchy data are small perturbations of a constant equilibrium state, those 

works apply to our model, and imply the existence of solution global in time, the L2-decay of solution to 

the constant equilibrium state, and a predetermined asymptotic solution in the L2 sense. 

 

Our current work is a part of the effort to obtain more detailed information of the convergence of the 

solution to the chemotaxis model to its asymptotic solution. In particular, we want to extend the L2-

convergence obtained in a recent preprint to a detailed, pointwise estimate on the remainder, both in space 

and in time. Such a result would provide us the wave pattern, in addition to convergence rates in all integral 

norms. To obtain such an estimate we need to have a pointwise description of the Green’s function of the 

corresponding linear system, linearized around the constant equilibrium state. This is the goal of our current 

work. 

 

2. Results and Discussion – Our result is a detailed, pointwise description of the Green’s function of the 

linear system. The leading term is a heat kernel, formulated explicitly using the given parameters of the 

model. If at least one of the two diffusion coefficients is zero, (say, if the chemical signal is non-diffusive), 

the Green’s function then includes d-functions as well, which are also formulated explicitly. The remainder 

in the Green’s function (besides the heat kernel and the d-functions) is a higher order term of the heat kernel, 

with a faster time decay rate by (t+1)-1/2. Our result is obtained by the spectral analysis and by using complex 

analysis to the inverse Fourier transform, a technique developed by the first author and her collaborator for 

a different type of systems [4]. 

 
3. Conclusions – We obtain a detailed, pointwise description of the Green’s function of a linearized Keller-

Segel type chemotaxis model with logarithmic sensitivity and logistic growth. In addition to its future 

application via Duhamel’s principle in the study of pointwise convergence of the solution to the nonlinear 

system to the asymptotic solution, constructed recently, the Green’s function has its own significance as 

the fundamental solution of the linear problem.  
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